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12.1 Boolean Functions
Introduction

» Boolean algebra provides the operations and the rules for working with the
set {0, 13.

» Electronic and optical switches can be studied using this set and the rules of
Boolean algebra.

» The three operations in Boolean algebra that we will use most are
complementation, the Boolean sum, and the Boolean product.

» The complement of an element, denoted with a bar, is defined by 0 =1
and 1T =0.
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Introduction (cont.)

» The Boolean sum, denoted by + or by OR, has the following values:
1+1=1, 1+0=1, 0+1=1, 0+0=0.
» The Boolean product, denoted by - or by AND, has the following values:

1 - 1=1, 1 - 0=0, 0-1=0, 0-0=0.
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Example1

» Find the value of 1.0+ (04 1).

» Solution: 1-04+0+D =041
—0+0
= (.
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Logical Equivalence

» The complement, Boolean sum, and Boolean product correspond to the logical
operators, —/,V, and A, respectively, where 0 corresponds to F (false) and 1
corresponds to T (true).

» Equalities in Boolean algebra can be directly translated into equivalences of
compound propositions.

» Conversely, equivalences of compound propositions can be translated into
equalities in Boolean algebra.
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Example2

» Translate 1-0+ {0+ 1)=0, the equality found in Example 1, into a logical
equivalence.

» Solution: We obtain a logical equivalence when we translate each 1 intoa T,
each 0 into an F, each Boolean sum into a disjunction, each Boolean product
into a conjunction, and each complementation into a negation.

» We obtain:
(TAF)v—(TwvF)=F.
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Example3

» Translate the logical equivalence (TAT)v—=F=T

into an identity in Boolean algebra.

» Solution: We obtain an identity in Boolean algebra when we translate each T
into a 1, each F into a 0, each disjunction into a Boolean sum, each
conjunction into a Boolean product, and each negation into a
complementation.

» We obtain:
(1-)4+0=1.
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Boolean Expressions and Boolean
Functions

» Find the values of the Boolean function represented by
F(x,y,z)= xy+7T.

Solution: The values of this function are displayed in Table.

x ¥ z Xy Flx,y,z) =xy+z
1 | 1 | 0 |
1 | 0 | | |
1 0 1 0 0 0
1 0 0 0 | |
0 | 1 0 0 0
0 | 0 0 | |
0 0 1 0 0 0
0 0 0 0 | |
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Boolean Identities
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Identity Name

T==x Law of the double complement
r+xr=x Idempotent laws

r-x=x

x4+0=x Identity laws

r-1l=ux

a+1= Domination laws

r-0=10

x+y=y+x Commutative laws

Iy = ¥x

r+y+i=lx+yvi+z
x(yz) = (xy)z

Associative laws

r+yvi=(x+¥yix+z)
xy+z)=xy+xz

Distributive laws

xvi=x4+% De Morgan’s laws
x+y)=x%¥

r4xv=x Absorption laws
x4+yI=x

r4+x=1 Unit property

xx =0 Zero property




Example4

» Translate the distributive law * + ¥z = (x + ¥)(x 4+ 2)
into a logical equivalence.

» Solution: change the Boolean variables x, y, and z into the propositional
variables p, g, and r.

» Next, we change each Boolean sum into a disjunction and each Boolean
product into a conjunction.

pvilgar)y=s(pvg)alpvr).
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12.2 Representing Boolean Functions

» Two important problems of Boolean algebra will be studied in this section.

» The first problem is: Given the values of a Boolean function, how can a
Boolean expression that represents this function be found?

» The second problem is: Is there a smaller set of operators that can be used to
represent all Boolean functions?
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Sum-of-Product Expansions

» Question: Find Boolean expressions that represent the functions F(x, vy, z) and
G(x, vy, z), which are given in Table 1. TABLE 1

oo o oo =0 0|9
(== = = = - >

= —-E - - ]
(=T = - =R
D o= D = D = D = | N

» Solution: Fis, x¥z. has the value 1 if and only if x =y =z = 1, which holds if
andonlyifx=z=1andy=0.

» The Boolean sum of these two products, x¥Z + x¥vZ. represents G, because it
has the value 1 ifandonlyif x=y=1andz=0,orx=z=0andy=1.
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Example

» Find the sum-of-products expansion for the function F (x, v, z) = (x + ¥)zZ.

» Solution: We will find the sum-of-products expansion of F(x, y, z) in two ways.
First, we will use Boolean identities to expand the product and simplify. We
find that

Fix,y.2)=(x+y)2
=xI+ VI Distributive law
=x1Z7+ 1vZ Identity law
=x(y+¥)zZ+(x+Xx)¥yz  Unit property
= X¥Z +x¥Z +xyZ+xvZ Distributive law
=Xx¥I+xy¥yZ+xVI. Idempotent law
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Solution (cont.)

» Second, we can construct the sum-of-products expansion by determining the
values of F for all possible values of the variables x, vy, and z. These values are
found in Table 2.

Flx,v.2) =xyIT+xyI 4+ 3V

TABLE 2
x y z x+y z (x+ yiz
1 | 1 | 0 0
1 | 0 | 1 1
1 ] 1 1 0 0
1 0 0 1 | |
0 | 1 1 0 Q0
0 | 0 1 | |
0 0 1 0 0 Q0
0 0 0 0 | Q0

by Sibel T. Ozyer, Spring 2019



Solution (cont.)

» It is also possible to find a Boolean expression that represents a Boolean
function by taking a Boolean product of Boolean sums.

» The resulting expansion is called the conjunctive normal form or product-of-
sums expansion of the function.
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